Let Γ be a finite G-symmetric graph whose vertex set admits a non-trivial Ginvariant partition B with block size v. A framework for studying such graphs Γ was developed by Gardiner and Praeger which involved an analysis of the quotient graph 
Introduction
A graph Γ admitting a group G of automorphisms is said to be G-symmetric if G acts transitively on the set of ordered pairs of adjacent vertices of Γ. In many cases, for example if Γ is connected, such a group must be transitive on the vertex set V (Γ). We assume that this is the case and moreover that there is a non-trivial G-invariant partition B of V (Γ), that is, the elements of G permute the blocks B of B blockwise, and 1 < |B| < |V (Γ)|. Such a graph is said to be an imprimitive G-symmetric graph. A study of such graphs was initiated in [5] by Gardiner and Praeger. It was suggested there that three objects associated with B had a strong influence on the structure of Γ, namely the quotient graph Γ B , the bipartite subgraph Γ[B, C] of Γ induced by two adjacent blocks B, C of B, and a 1-design D(B) induced on a block B ∈ B (see Section 2 for the definitions). It was further suggested that these three geometric objects might provide a good framework for investigating imprimitive symmetric graphs. The paper [5] was written in the context of G-locally primitive graphs (that is, G α induces a primitive group on the set Γ(α) of vertices adjacent to a vertex α) and the theory was extended to general symmetric graphs in the sequels [6, 7] . In particular, the case where Γ is G-locally primitive and the size k of the blocks of D(B) satisfies k = v − 1 was studied in [5, section 5] . In this paper we extend that investigation to the class of all imprimitive G-symmetric graphs with k = v − 1. The assumption k = v − 1 is equivalent to the following: for distinct blocks B, C ∈ B, either there are no edges between B and C, or there is a unique vertex α ∈ B such that Γ(α) C = 6.
In the special case where k = v − 1 = 1, we define two G-symmetric graphs Γ , Γ # with vertex set V (Γ) which are covers of Γ B (see Section 3). Our main focus, however, is the general case where k = v − 1 2. We investigate this case in Section 4 and prove in particular that G acts faithfully on B and G B is doubly transitive on B (see Theorem 5) . We continue the investigation of this case in Section 6 where we first give a construction of a family of graphs which satisfy these conditions. The construction requires a (G, 2)-arc transitive graph Σ of valency v 3 and a self-paired G-orbit ∆ of 3-arcs of Σ (where ∆ is said to be self-paired if (α, β, γ, δ) ∈ ∆ if and only if (δ, γ, β, α) ∈ ∆). For such Σ and ∆, the graph Arc ∆ (Σ) is defined to have vertices the arcs of Σ with (σ, τ ) joined by an edge to (σ , τ ) if and only if (τ, σ, σ , τ ) ∈ ∆. We show in Theorem 10 that Arc ∆ (Σ) is an imprimitive Gsymmetric graph relative to a certain partition B(Σ) of the arcs of Σ, that 'k = v − 1' and that D(B) has no repeated blocks for B ∈ B(Σ). We further show in Theorem 11 that every graph Γ satisfying these conditions is isomorphic to Arc ∆ (Γ B ) for some ∆. Thus we have the following result, which is the main theorem of this paper.
Theorem 1. Let Γ be a finite G-symmetric graph and B a non-trivial G-invariant partition of V (Γ) with block size v 3 such that D(B) has block size v − 1. Then D(B) contains no repeated blocks if and only if
Conversely, for any selfpaired G-orbit ∆ of 3-arcs of a (G, 2)-arc transitive graph Σ of valency v 3, the graph Γ = Arc ∆ (Σ), group G and partition B(Σ) (defined in Section 6) satisfy all the conditions above.
We note that every 3-arc transitive graph, and every 2-arc transitive graph of even valency, may occur as the graph Σ (see Remark 4(c)). This theorem follows immediately from Theorems 8, 10 and 11. If the 3-arcs in ∆ form 3-cycles then the possibilities for Γ are given more explicitly in Theorem 8(b). For the case where Γ B is (G, 3)-arc transitive there is a unique graph Arc ∆ (Γ B ), namely where ∆ is the set of all 3-arcs of Γ B . In this case we have the following characterization. 
with ∆ the set of all 3-arcs of Γ B . Thus in this case Γ is uniquely determined by Γ B .
In Theorem 1, in the case where D(B) has no repeated blocks, we do not know very much about the structure of the graphs Arc ∆ (Γ B ) in general. If however Γ B has girth 3 then Γ B is a vertex-disjoint union of complete graphs K v+1 , ∆ consists of all the 3-cycles of Γ B and Γ is disconnected with all connected components complete graphs K v (see Theorem 8(b) ). On the other hand, if girth (Γ B ) 5 then we derive some weak upper bounds on the valency of Γ (see Corollary 1 in Section 5).
Definitions, notation and preliminaries
Let Γ be a finite G-symmetric graph such that there is a non-trivial G-invariant partition B of V (Γ). We define the quotient graph Γ B to be the graph with vertex set B in which two blocks B, C ∈ B are adjacent if and only if there exist α ∈ B, β ∈ C such that α and β are adjacent in Γ. It is clear that G induces an action (possibly unfaithful) on B and under this action Γ B is G-symmetric. We suppose throughout that (B, Γ B ) is non-trivial in the sense that B is a non-trivial partition and that Γ B has at least one edge. Then it is easy to see (see for example [5, 8] ) that each block of B is an independent set of Γ (that is, a subset of V (Γ) such that no two vertices are adjacent in Γ). For each α ∈ V (Γ), B(α) denotes the block of B containing α.
For any two adjacent blocks B, C ∈ B, we denote by Γ(B) (respectively Γ(C)) the set of vertices of Γ adjacent to at least one vertex in B Let G 1 , G 2 be groups acting on finite sets ∆ 1 , ∆ 2 , respectively. The action of G 1 on ∆ 1 is said to be permutationally isomorphic [4, pp. 17 ] to the action of G 2 on ∆ 2 if there exists a bijection λ: ∆ 1 → ∆ 2 and a group isomorphism ψ:
for all α ∈ ∆ 1 and g ∈ G 1 . We refer to [4, 11] for other terminology for permutation groups used in the paper.
Since the main concern of this paper is the case where k = v − 1, we introduce some special notation for this case. Suppose 
So the actions of G on V (Γ) and A are permutationally isomorphic.
Next we define a graph Γ associated with Γ in the case k = v − 1. 
Proposition 3. Suppose Γ is a finite G-symmetric graph and V (Γ) admits a nontrivial G-invariant partition B with k
= v − 1 1. Then Γ is a G-symmetric graph. Proof. Let (α, β), (γ, δ) be distinct arcs of Γ . Then (B(α), B(β)), (B(γ), B(δ)) are distinct arcs of Γ B . Since Γ B is G-symmetric, there exists g ∈ G such that (B(α), B(β)) g = (B(γ), B(δ)), that is, (B(α g ), B(β g )) = (B(γ), B(δ)). Since α is the only vertex in B(α) not adjacent to any vertex in B(β), we know that α g is the only vertex in B(α g ) = B(γ) not adjacent to any vertex in B(β g ) = B
(δ) and γ is the only vertex in B(γ) not adjacent to any vertex in B(δ). So we must have
We use K n and K n,n to denote, respectively, the complete graph with n vertices and the complete bipartite graph with n vertices in each part of its bipartition. For an integer n 1 and a graph Γ, n · Γ denotes the vertex-disjoint union of n copies of Γ. Thus, a matching with n edges is the graph n · K 2 . We use Γ to denote the complement graph of Γ with respect to the complete graph. The girth of Γ, denoted by girth (Γ), is the length of a shortest cycle in Γ if the graph Γ contains cycles and is defined to be ∞ otherwise. A cycle (path, respectively) of length n is called an n-cycle (n-path, respectively) and is denoted by C n (P n , respectively). A clique of Γ is a set of vertices of Γ which induces a complete subgraph. A clique with n vertices is called an n-clique. The distance in Γ between two vertices α, β ∈ V (Γ) is denoted by d Γ (α, β). For a G-vertex-transitive graph Γ, it is easy to show that Γ is (G, 2)-arc transitive if and only if G α is doubly transitive on Γ(α) for some α ∈ V (Γ).
The case where k = 1 and v = 2
In the remainder of the paper we will assume that Γ is a G-symmetric graph and B is a G-invariant partition of V (Γ) such that (B, Γ B ) is non-trivial (that is, B is non-trivial and Γ B has at least one edge) and k = v − 1. We distinguish the following two cases:
In this section we discuss Case (I), which can occur in a non-trivial way (see the examples in [5, section 5] and see also Theorem 9 and the remarks following it). The characterization of Γ in Case (I) varies in difficulty according to the nature of Γ B . For example, if Γ B = C n , then r = 1 and Γ is uniquely determined (see [5, theorem 4·1(a)]), namely Γ = n · K 2 , while if Γ B is a complete graph, then it seems rather difficult to determine or describe Γ (see [5, The following result is analogous to [5, lemma 5·1] without assuming G-local primitivity. It shows that the quotient graph Γ B may be covered by two (possibly nonisomorphic) symmetric graphs each with block size two. Let z be the involution which interchanges the two vertices in each block of B. Proof. Let B(α) = {α, α } be a block of B. If g ∈ G is any element which maps α to α , then g interchanges α and α . Hence g interchanges Γ B (α) and Γ B (α ). Note that Γ B (α) and Γ B (α ) are disjoint since k = 1. Thus, g acts non-trivially on B, and it follows that G is faithful on B. By Proposition 3, Γ is G-symmetric and the mapping z: α → α , for α ∈ V (Γ), is an isomorphism from Γ to Γ .
Theorem 4. Suppose that Γ is a finite G-symmetric graph and B is a non-trivial G-invariant partition of V (Γ) with block size
Clearly, G, z % G × Z 2 . Since the edge set of Γ is the union of the sets of edges of Γ and Γ it follows from (a) that G × z Aut(Γ ) and that G × z is transitive on the arcs of Γ . Also, B is a (G × 
A general discussion
In the remaining sections of the paper we investigate the general case where v = k + 1 3. Note that if, in addition, Γ is G-locally primitive, then D(B) contains no repeated blocks (see [5, lemma 3·3] ). This however is not true in general for symmetric graphs. We consider the general case in this section and the subsequent sections are devoted to studying the case where D(B) has no repeated blocks. In Lemma 2 we defined an action of G on A by (A(α)) transitive on A(B) , it follows that G B is doubly transitive on A(B) and hence doubly transitive on B as well.
(
then, for each β ∈ B, g fixes setwise each block C ∈ B(β) and hence fixes setwise Γ(C) B. Therefore, g fixes B \ (Γ(C) B) = {β}. Thus, G [B] G (B) . Moreover, if g ∈ G fixes setwise each block of B, then it lies in G [B] for each B and hence fixes each vertex of Γ; this implies that g = 1. So G is faithful on B. Suppose that D(B) contains no repeated blocks and g ∈ G (B) . Then for each α ∈ B, g fixes the unique block in B(α) and hence g fixes each block of Γ B (B) setwise, so g ∈ G [B] .
(e) Let g ∈ G (B) = G [B] . Then for C ∈ Γ B (B), g fixes the unique vertex in C \(Γ(B) C) and, for each β ∈ Γ(B) C, we have β g ∈ Γ(B) C and Γ(β) B = Γ(β g ) B (since g fixes B pointwise). Since Γ is vertex-distinguishable with respect to B, we get β g = β. Thus g ∈ G (C) and hence G (B) G (C) . By a similar argument
. Since Γ B is connected, this equality is true for any two blocks B, C (not necessarily adjacent) and hence G (B) = 1 = G [B] . Thus, G B is faithful on B and on Γ B (B).
Note that if in addition Γ is G-locally primitive then (i) Γ[B, C] is a matching [5] and (ii) D(B) contains no repeated blocks [5, lemma 3·3] . From (i) and Lemma 1 we know that Γ is vertex-distinguishable with respect to B and hence G B is faithful on B (Theorem 5(e)) if Γ B is connected. Also from (i) and (ii), we know that, for each α ∈ B, there exists a bijection from B \{α} to Γ(α), namely each β ∈ B \{α} corresponds to the unique neighbour of α in the unique block of B(β). So G α is primitive on B\{α} (that is, G B is doubly primitive on B) as G α is primitive on Γ(α). Combining these with Theorem 5(a)(b)(e), we deduce theorem 5·3 of [5] , one of the results which motivated this investigation. Now we consider the graph Γ defined in Definition 1. Each maximal clique of Γ has at most m + 1 vertices since the valency of Γ is m, where m = |B(α)|. The following result shows that if each maximal clique of Γ does contain m + 1 vertices, or equivalently if Γ % · K m+1 for some , then we obtain a second G-invariant partition of V (Γ). This condition holds in particular when m = 1 and Proposition 6 will be used in this case in the next section. Conversely, suppose P is a G-invariant partition of V (Γ). For i = 1, 2, . . . , m, let g ∈ G be such that α g = α i . Then B g = B since α i is in both B and B g and hence
Proposition 6. Suppose that Γ is a finite G-symmetric graph with a non-trivial Ginvariant partition B with blocks of size
Therefore, B is a clique of Γ with the maximum possible size m + 1. In other words, V (Γ) is a disjoint union of (m + 1)-cliques of Γ .
The case D(B) contains no repeated blocks
From now on we focus on the case where k = v − 1 2 and D(B) has no repeated blocks. We will prove in Theorem 8 below that this is true if and only if k = v − 1 2 and Γ B is (G, 2)-arc transitive. In this case, each vertex of Γ may be labelled by an arc of Γ B . In the main result of this section, Theorem 8, we classify all the graphs Γ for which adjacent vertices of Γ have labels involving at most three distinct blocks of B. In the final section we consider the general case and complete the proofs of Theorems 1 and 2.
Thus we suppose that k = v − 1 2 and D(B) has no repeated blocks. Then the valency of Γ is 1 and each vertex α ∈ V (Γ) has a unique mate α , namely the unique vertex adjacent to α in Γ . Hence the partition P defined in Proposition 6 consists of the pairs {α, α } and the map z: α → α defines a G-invariant bijection on V (Γ). So A(α) contains only one arc (B(α), B(α )) and B(α ) is the unique block in Γ B (B) fixed setwise by G α (see Theorem 5(c)). As in the G-locally primitive case [5] , the mapping λ of Lemma 2 defines, for each α ∈ V (Γ), a unique label 'B(α)B(α )' for α with the blocks of B containing α and α as the first and the second coordinates, respectively. Set
Then B * Γ(B) = 6, so no neighbour of α ∈ B has a label involving B as either coordinate. The main result of this section is the following theorem. 
Proposition 7. Suppose that Γ is a finite G-symmetric graph, B is a non-trivial G-invariant partition of V (Γ) with block size v = k + 1 3 such that D(B) contains no repeated blocks. Then Γ B has valency
b = v. Let z: α → α , α ∈ V (Γ), as defined above.
Then also (a) the actions of G on V (Γ) and on the set of arcs of Γ B are permutationally isomorphic and each α ∈ V (Γ) can be uniquely labelled by a pair 'BB ' of adjacent blocks of B, where B = B(α) and B is the unique block in Γ B (B) fixed setwise by G α . (b) z centralizes G and is an involution (that is,
z 2 = 1) and P = {{α, α }: α ∈ V (Γ)} is a G-invariant partition of V (Γ). (c) B * {(B * ) g : g ∈ G} is a G-invariant partition of V (Γ)' zg = 'DB' g = 'D g B g ' = 'B g D g ' z = 'BD' gz and hence z centralizes G. Since (B * ) g = {'C g B g ': 'CB' ∈ B * } = (B g ) * , it
Theorem 8. Suppose that Γ is a finite G-symmetric graph and B is a non-trivial G-invariant partition of V (Γ) with block size v = k + 1 3. Then D(B) contains no repeated blocks if and only if
It is worth noticing that, under the assumptions of Theorem 9, the G-invariant partition P satisfies all the assumptions of Section 3. Thus, from Theorem 4, we know that the graphs Γ = Γ Γ and Γ # defined in Definition 2 with respect to P are both covers of Γ P . One consequence of Theorem 9 is that the valencies of Γ and Γ B * are bounded as shown below. We denote by val (Γ) the valency of a graph Γ. The requirement that ∆ is self-paired ensures that adjacency in Arc ∆ (Σ) is welldefined (in the sense that (σ, τ ) is joined to (σ , τ ) if and only if (σ , τ ) is joined to (σ, τ )). There are several natural partitions of the vertex set of Arc ∆ (Σ), namely Thus if G Aut (Σ), G is transitive on ∆ and Σ is G-symmetric, then Arc ∆ (Σ) is an imprimitive G-symmetric graph relative to each of the partitions above. Because of our remarks at the beginning of this section we will explore further the case where Σ is (G, 2)-arc transitive, with particular attention to the partition B(Σ). Moreover in the case where ∆ consists of proper 3-arcs (that is, for (τ, σ, σ , τ ) ∈ ∆ we have τ τ ), for adjacent vertices (σ, τ ) and (σ , τ ) of Arc ∆ (Σ), the four labels σ, τ, σ , τ are pairwise distinct. involve four distinct vertices of Σ.
then, since ∆ 6 and Σ is (G, 2)-arc transitive it follows that there exist τ, τ such that (τ, σ, σ , τ ) ∈ ∆ and hence such that (σ, τ ) and (σ , τ ) are adjacent in Γ. Thus B(σ) is adjacent to B(σ ) in Γ B(Σ) . This proves that Γ B(Σ) % Σ.
It follows from the definition of a 3-arc that (σ, σ ) is not adjacent to any vertex of B(σ ). Let (σ, ρ) ∈ B(σ) with ρ σ . Then some g ∈ G maps the 2-arc (τ, σ, σ ) to the 2-arc (ρ, σ, σ ) of Σ and hence g maps the edge In the case where Γ B is 3-arc transitive, we have ∆ = A 3 (Γ B ) in Theorem 11 and hence there is a unique graph Γ. Theorem 2 gives a characterization of this case and we prove this now. Remark 4. (a) The structure of Arc ∆ (Σ) for (G, 2)-arc transitive graphs Σ is of considerable interest. Zhou [12] has explored the family of these graphs for which Σ is a near-polygonal graph and ∆ is the set of 3-arcs occurring in the distinguished 'polygons' of Σ. This case is of particular interest in connection with section 5 of [5] . (ii) the valency |Σ(σ)| of Σ is even (since we may take g to be a 2-element and g 2 ∈ G σσ ); (iii) Σ is (G, 3)-arc transitive; (iv) the actions of G σσ on Σ(σ)\{σ } and Σ(σ )\{σ} are permutationally isomorphic, in the sense that G σσ τ fixes a point ρ ∈ Σ(σ )\{σ}, and σ , τ are the only points of Σ(σ) fixed by G σσ τ . (For if h ∈ G σσ maps τ to ρ, then gh interchanges σ and σ , and maps τ to ρ and hence normalizes G σσ τ = G σσ ρ . Therefore gh interchanges τ and ρ and hence reverses the 3-arc (τ, σ, σ , ρ).) If any of these conditions holds, then Σ will occur as the quotient graph Γ B for a graph Γ satisfying the hypotheses of Theorem 1.
